We propose a quantum energy teleportation protocol for spin chain systems which transports energy to distant sites only by local operations and classical communication. The protocol utilizes ground state entanglement among spins. A notable property of the protocol is that the dissipation rate of energy in transport is strongly suppressed because energy is not transmitted, but instead classical information is transmitted through a classical channel.
Introduction
Quantum entanglement opens the door to several interesting quantum phenomena, including quantum teleportation (QT) [1] , by which an unknown quantum state can be teleported to a distant place by local operations and classical communication (LOCC). Though protocols for QT can teleport quantum information, they cannot transport energy, which is required for imprinting information to a distant subsystem. This is because only positive-energy excitations are treated in the protocols and local conservation law of energy must be satisfied. In this paper, We propose a quantum energy teleportation protocol for spin chain systems which transports energy only by LOCC, using local excitations with negative energy and ground-state entanglement. A notable property of the protocol is that the dissipation rate of energy in the transportation is severely suppressed because energy itself is not transmitted, but rather classical information is transmitted through a classical channel.
Spin chain systems are composed of many spin subsystems arrayed in one dimension. Short-range interactions exist between the spins and the Hamiltonian is given by a sum of the local interaction terms. Because of the interaction, complicated entanglement among the spins can occur even in the ground state. Spin chain systems have recently attracted much attention in the context of quantum information theory because they can be applied to short transmission of quantum states [2] . It is also known that spin-chain entanglement is helpful for investigating complicated physical properties of the ground state [3] .
In the quantum energy teleportation protocol, negative localized energy plays an essential role. The zero of energy in a system is defined by an expectation value of the Hamiltonian of the ground state. It is very significant that quantum states containing negative energy regions, compared with the ground state, can be created by quantum interference. Negative energy effects of relativistic field theory have long been investigated [4] . Though the concept of negative energy density is familiar in relativistic field theory, to date it has not often been applied to condensed matter physics, quantum optics or quantum communication. As an exceptional example, a fundamental lower bound of actuating energy for photon switching has recently been derived for input waves with negative energy density by a gedankenexperiment [5] .
In this paper, the protocol is presented for one-dimensional qubit chain systems. Extending the protocol to spin chain systems with larger spins and larger dimensions is a straightforward task. In the analysis we assume the number of qubits is finite. However, the results obtained in this paper can also be applied to the case where an infinite limit of the number of qubits is justified. We concentrate on a short time scale in which dynamical evolution induced by the Hamiltonian is negligible. We also assume that LOCC can be repeated many times in the short time interval.
The paper is organized as follows. In section 2, the notion of localized energy excited by a local operation is introduced. In section 3, it is explained that negative localized energy density naturally appears in the systems under study. In section 4, the quantum energy teleportation protocol is proposed.
Localized Energy Excited by Local Operation
We concentrate on spin chain systems in one dimension. The Hamiltonian for such systems is given by a sum of semi-local components T n :
Here T n are Hermitian operators given by
where
is a local Hermitian operator at site m and the integer L denotes the interaction range. If we take L = 1, the nearest neighbor interaction is treated. For example, the interaction of the critical Ising model satisfies L = 1 and has T n such that
where J and ǫ are real constants. More precisely, the operator σ
Hence, T n of the example has three terms of the r.h.s. in Eq. (2) with γ = 1, 2, 3, and these operators are given by
The above operator T n describes the local energy density at site n. The ground state |g is an eigenstate for the lowest eigenvalue E 0 of H. Because we have no interest in the gravitational coupling of the spin chain system, it is possible to redefine T n by adding constants to T n . Hence, we redefine T n to satisfy g|T n |g = 0.
Then, E 0 becomes zero as follows:
Hence we can assume in later discussions that
without any loss of generality. By this redefinition of the Hamiltonian, H becomes a non-negative operator which satisfies
for an arbitrary quantum state ρ. This choice of the energy origin simplifies the spin chain analysis, because we will often consider the energy difference between an excited state and the ground state.
In the following, we concentrate on a short time scale in which dynamical evolution induced by H is negligible. However, we assume that classical communication between qubits can be repeated many times even in the short time interval. For the above Ising example in Eq. (3), this can be attained by making J small enough such that the system can be treated as nonrelativistic with infinite light velocity.
We next consider localized energy excited by local operations at a fixed site n o . First, we take a local unitary operation depending on a real parameter θ. The unitary matrix V no (θ) is given by
where U no is a unitary and Hermitian matrix given by
The real vector n no is normal and σ no is the Pauli spin matrix at site n o . A local unitary operation to the ground state is then given by
It can be shown that this state has positive energy localized around site n o as follows. We define a localized energy operator at site n o by
Though the operator H no is not a non-negative operator generally, it is shown easily that the expectation value of H no for |n o is non-negative as follows. Note that U no and V no (θ) commute with T n ′ , where site n ′ is apart from site n o and satisfies |n
Hence we obtain
Eq. (9) means that no energy is generated outside the region specified by [n o − L, n o + L] and its energy distribution is localized only around site n o . It should also be noted that the Hamiltonian can be decomposed such that
From Eq. (10), Eq. (9) and Eq. (7), the average localized energy is calculated as
and the right-hand-side of Eq. (11) is non-negative because of the nonnegativity of H. If U no does not give a symmetry transformation of the system, U no |g becomes an excited state with nonvanishing energy as follows:
Eq. (12) gives simple but crucial information. This analysis implies that work by external systems is needed to achieve a local operation V no (θ) and that the total amount of the work is equal to n o |H|n o . A similar result can be obtained for local measurement operations. We consider a POVM measurement which is described by measurement operators M no (µ), which satisfy
where µ denotes their measurement output. After measurement, the ground state is transformed into a new state ρ no given by
Hence its energy distribution is localized only around n o . Moreover, we can prove that
If we adopt a measurement such that the output states given by
are not the ground state, then ρ no is an excited state with
This implies that work is required by external systems to achieve the local measurement and that the total amount of the work is equal to T r ρ no H .
Though we have observed only non-negative energy excitation in this section, we will encounter negative energy densities in the next section.
Negative Energy Density
If all T n commute with each other, T n can be simultaneously diagonalized. Then, the ground state |g is an eigenstate for the lowest eigenvalue of each T n . In such a situation, T n becomes non-negative. However, the condition is not sustained for general spin chains.
Let us consider a local energy density T no at a fixed site n o and assume that the ground state is not an eigenstate of T no . The operator T no can be spectrally decomposed into
where ǫ ν are eigenvalues of T no , |ǫ ν , k ν are corresponding eigenstates and the index k ν denotes the degeneracy freedom of the eigenvalue ǫ ν . Then, the ground state can be expanded as
Using the expansion, Eq. (4) shows that
This means that the lowest eigenvalue ǫ − must be negative:
Hence, the average energy density for |ǫ − , k − also becomes negative. It is thereby verified that there exist quantum states with negative energy density. It should be stressed that even if a state has negative energy density over a certain region, there exists positive energy density at other regions and the total energy is not negative because of the non-negativity of H. We next give an explicit example of states with negative energy density. Let us assume that two sites m andm satisfy the relation |m −m| ≥ 3L + 2. We introduce a unitary matrix given by
where U m and Um are defined by Eq. (8). We now allow the operator to act on the ground state:
An average value of the localized energy Hm at sitem is evaluated for |θ as follows:
where the real constants α and β are given by α = g|U † m HUm|g ≥ 0, β = g|U mUm |g , and the Hermitian operatorUm is defined bẏ
Using the locality of Um, it can be proven thaṫ
The dot ofUm indicates a time derivative.Um is semi-local around sitem because it can be shown that
The value of parameter β is crucial for negative energy emergence. If the ground state is separable, β is evaluated as β = g|U mUm |g = g|U m |g g|Um|g .
From Eq. (13) and Eq. (5), it can be seen that g|Um|g vanishes because
Therefore, β vanishes for separable ground states. In many spin chain models, the ground states have quantum correlation or entanglement between regions around site m and sitem . Hence, β does not vanish in general. The minimum value of θ|Hm|θ in terms of θ is given by
From Eq. (14), it can be seen that if the ground state is separable and β = 0, the localized energy θ|Hm|θ cannot become negative. On the other hand, if the ground state is entangled and β does not vanish, θ|Hm|θ is negative. When θ|Hm|θ is negative, it can be explicitly verified that θ|H m |θ always takes a positive value to make the total energy non-negative.
Quantum Energy Teleportation Protocol
In this section, a quantum energy teleportation protocol is proposed. Using entanglement of the ground state of spin chain systems, Alice situated at site n A can transport energy to Bob at site n B only by LOCC. The dissipation rate of the energy transportation can be severely suppressed because we transmit only classical information through a classical channel and, ideally, the energy cost for classical communication becomes as small as we want. For example, classical information can be encoded into polarizations of photons of very small energy.
Let us first assume that Alice is a good distance from Bob such that
and that Alice and Bob share many copies of spin chain systems in the ground state |g . We can now explain the protocol explicitly. The protocol is composed of three steps, as follows.
(1) Eigenvalues of n A · σ A are (−1) µ with µ = 0, 1. Alice performs a local projective measurement of observable n A · σ A for the ground state |g and obtains the measurement result µ. Alice must input energy E A to the spin chain system in order to achieve the local measurement, as seen in section 2.
(2) Alice announces to Bob the result µ by a classical channel.
(3) Bob performs a local unitary operation V B (µ), which is defined below, to a qubit at site n B depending on the value of µ. Bob obtains energy output E B on average from the spin chain system in the process of the local operation.
For example, the protocol with L = 1 is illustrated in Figure 1 . In stage (1), the ground state is transformed into an excited quantum state ρ ′ by Alice's measurement operation. We introduce a local projective operator P A (µ) which satisfies
Then, evolution of the system under the measurement is not unitary and ρ ′ is given by
The excitation energy of the spin chain is localized around Alice's site. The average value of the energy is the expectation value
To prove this, we use Eq. (4) and the fact that T n ′ and P A (µ) commute with each other and that the following relation holds:
To evaluate the energy, we use Eq. (15) and the fact that
The energy is then given as follows:
Because of the non-negativity of H, T r [ρ ′ H A ] is also non-negative. If the ground state is entangled, P A (µ) |g does not become |g in general and we obtain a positive value of T r [ρ ′ H A ]. This implies that the energy E A which Alice must funnel to the spin chain is equal to T r [ρ ′ H A ]:
Unitary matrix V B (µ) in the step (3) of the protocol is defined by
and
It is noted that U B is a Hermitian and unitary operator:
θ in the expression of V B (µ) will be chosen later for Bob to extract as much energy as possible from the spin chain. After Bob's operation, the quantum state is transformed into
It should be stressed that the spin chain energy localized around Alice does not change in the last step because of the locality of Bob's operations. Actually, using H A V B (µ) = V B (µ) H A , we are able to check easily that
. A key point of the protocol is the fact that the localized energy H B (= H n B ) at Bob's neighborhood can be negative. It is straightforward to calculate the average energy T r [ρH B ]:
where ξ and η are real constants. Calculations for the proof of Eq. (18) are as follows. Firstly, by the commutativity of the semi-local operators P A (µ) and
where we have used P A (µ) 2 = P A (µ). Substituting Eq. (16) into the above relation yields the following explicit expression:
+i cos θ sin θ g|
By taking account of the completeness relation of P A (µ) and the spectral decomposition of U A , we get the following relation:
Because g|H B |g = 0 is satisfied, the final form of Eq. (18) is obtained. Here, ξ and η are defined by
It is quickly noticed that ξ is non-negative. This is because the relation
is satisfied due to the following relation:
The value of g|U † B HU B |g is non-negative due to the non-negativity of H. Thus evaluation of ξ gives
Here, we introduce a semi-local operatorU B aṡ
The above relation can be rewritten aṡ
and henceU B is a time-derivative operator of U B . UsingU B , η can be expressed as
The parameter θ is now fixed to make T r [ρH B ] as negative as possible, as follows:
If η = 0, it is clear that the value is negative:
Eq. (22) is a significant result. Before step (3), the energy is equal to zero:
After Bob's local operations in step (3), the localized energy around Bob's site becomes negative, as seen in Eq. (22). This means that positive energy must be emitted from the spin chain to Bob (more precisely, to Bob's devices to perform V B (µ)). The extracted energy E B is given by
If the ground state is separable, η vanishes. Therefore, it can easily be seen from Eq. (23) that Bob gains no energy, as should be the case. For entangled ground states, we can obtain nonzero η by choosing two appropriate normal vectors n A and n B . In fact, an explicit example of a critical Ising spin chain can be seen in [6] in which η does not vanish. It is noted that the energy gain increases when η is large. In general, the ground state |g has a typical correlation site length l, over which the correlation between two sites and the value of η decay rapidly. Hence, the protocol is effective in teleporting energy between Alice and Bob with |n A − n B | l. To achieve long-range quantum energy teleportation, it is preferable to choose spin chain systems which have entangled ground states with long-range correlation, that is, l ≫ 1.
In our analysis, we have shown that Bob obtains energy from the spin chain. However, even after the last step of the protocol, there exists energy E A that Alice had to first deposit to the spin chain. Let us imagine that Alice attempts to completely withdraw E A by local operations after step (3). If this was possible, the energy gain E B of Bob might have no cost. However, if so, the total energy of the spin chain became equal to −E B and negative. Meanwhile, we know that the total energy of the spin chain system must be nonnegative. Hence, Alice cannot withdraw energy larger than E A − E B by local operations at site n A . This means that Bob has borrowed energy E B in advance from the spin chain on security of Alice's energy E A . The main reason for her inability to withdraw is because the local measurement made by Alice breaks the entanglement between her qubit and the other qubits. If Alice wants to recover the original state of her qubit with zero energy density, she must recreate the entanglement. However, entanglement generation needs nonlocal operations in general. Therefore, she cannot recover the state perfectly by her local operations alone. (1) Eigenvalues of n A · σ A are (−1) µ with µ = 0, 1. Alice performs a local projective measurement of the observable n A · σ A to her qubit in the ground state |g and obtains the measurement result µ. Alice must input energy E A to the spin chain system in order to achieve the local measurement. 
